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Abstract. In this paper we extend the Poletsky-Rosay theorem, con- 
cerning plurisubharmonicity of the Poisson envelope of an upper semi- 
continuous function, to locally irreducible complex spaces. 



1. Introduction 

Plurisubharmonic functions were introduced in 1942 by K. Oka [Oka] 
and P. Lelong [Lei]; ever since then they have been playing a major role in 
complex analysis. The minimum of two plurisubharmonic functions is not 
plurisubharmonic in general. There has been a considerable amount of inter- 
est in studying situations where the infimum actually is plurisubharmonic. 
The first major result of this kind was Kiselman's minimum principle [Kis] . 

In the early 1990's E. Poletsky [Pol, Po2] found a novel way of construct- 
ing plurisubharmonic functions as pointwise infima of upper semicontinuous 
functions. Set D = {( £ C: |C| < 1} and T = bB = {( G C: |C| = 1}. 
Let A(D,X) denote the set of all analytic discs in a complex space X, that 
is, continuous maps D — > X that are holomorphic in D. For x £ X let 
A(D,X,x) = {/ G A(D,X) : f(0) = x}. Our main result is the following. 

Theorem 1.1. Let (X, Ox) be an irreducible and locally irreducible (re- 
duced, paracompact) complex space, and let u: X — > M. U { — oo} be an upper 
semicontinuous function on X. Then the function 

U 2lT dt 1 

^(/( el '))^ : f€A(P,X,x)\, xeX 

is plurisubharmonic on X or identically — oo; moreover, u is the supremum 
of the plurisubharmonic functions on X which are < u. 

In the basic case when X = C n this was proved by Poletsky [Pol, Po2] and 
by Bu and Schachermayer [BS]. The result was extended to some complex 
manifolds (and to certain other disc functionals) by Larusson and Sigurdsson 
[LSI, LS2, LS3], and to all complex manifolds by Rosay [Rol, Ro2]. In 
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this paper we use the method of gluing sprays, developed in [DF, For], to 
give a new proof which applies to any normal complex space X. For a 
locally irreducible space the result follows easily by using seminormalization 
to reduce to the case of a normal space. 

A reduction to the Poletsky-Rosay theorem on manifolds is also possible 
by appealing to the Hironaka desingularization theorem, but this approach 
seems unreasonable since our proof is no more difficult than the original 
proofs given for manifolds. 

Example 1.2. The theorem fails in general if X is not irreducible; here is 
a trivial example. Let X = {(z,w) G C 2 : zw = 0} be the union of two 
complex lines. Let u: X — > R be defined by u(z, 0) = for z G C* and 
u(0, w) = 1 for all w G C. Clearly u is upper semicontinuous. We have 
u(z, 0) = for z G C and u(0, w) = 1 for w G C*; hence u fails to be upper 
semicontinuos at the point (0,0). On the other hand, local irreducibility 
is not always necessary. For example, if X is the Riemann sphere with 
one simple double point, then the above example does not work since the 
boundaries of analytic discs through any of the two local branches at the 
double point also reach the other branch. □ 

The operator P u : A(B,X) -5>RU {— oo} appearing in (1), 



is called the Poisson functional. Note that P u (f) is the value at G D of 
the harmonic function on D with boundary values u(f(e lt )). For this reason, 
the function u defined by (1) is also called the Poisson envelope of u. 

Let us first justify the last statement in the theorem. Recall that an upper 
semicontinuous function v. X — )• IR U {— oo} on a complex space that is not 
identically — oo on any irreducible component of X is plurisubharmonic if 
every point x G X admits a neighborhood U C X, embedded as a closed 
complex subvariety in a domain Q, C C^, such that v\u is the restriction to 
U of a plurisubharmonic function v on ft. By [FN] a function v as above is 
plurisubharmonic if and only if the composition v o / with any holomorphic 
disc / : D — > X is subharmonic on D. This holds if and only if v satisfies 
the submeanvalue property on analytic discs, which precisely means that 
v(x) < P v (f) for every x G X and / G A(0,X,x). Since for the constant 
disc f(() = x we have P v (f) = v(x), we conclude that 

Lemma 1.3. An upper semicontinuous function v. X ->1U {— oo} on a 
complex space X that is not identically — oo on any irreducible component 
of X is plurisubharmonic if and only if v = v, where v is defined by (1). 

If v < u then clearly P v (f) < Pu{f) for every / G A(B,X), and hence 
v < u. It follows that any plurisubharmonic function v for which v < u 
satisfies v = v < u < u, so u is indeed the largest such function. 
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One of the main applications of Theorem 1.1 in the classical case X = C n 
is the characterization of the polynomially convex hull K of a compact set 
K C C n by analytic discs, due to Poletsky [Pol, Po2] and Bu and Schacher- 
mayer [BS]. (See also Remark 1.5 below.) In the situation considered in 
this paper we obtain a characterization of plurisubharmonic hulls in terms 
of analytic discs, a fact that was already observed (for complex manifolds) 
by Larusson and Sigurdsson and by Rosay. Let Psh(A) denote the set of 
all plurisubharmonic functions on X. Given a compact set K in X, its 
plurisubharmonic hull is defined by 

-Kpsh(X) = {x £ X: u(x) < sup-u, Vii G Psh(X)}. 

K 

Since the modulus j/| of a holomorphic function that is not identically zero 
on any irreducible component is a plurisubharmonic function, we always 
have -Kpsh(x) C Ko(X)- It is a much deeper result of Grauert [Gra] and 
Narasimhan [Nar] that the two hulls coincide if X is a Stein space or, more 
generally, a 1-convex complex space. (See also the paper [FN] and [GR2].) 
In the case when X = C n , the equality of the two hulls also follows from 
Poletsky's theorem as was pointed out in [Po3, Theorem 5.1]. Related results 
concerning pluripolar hulls of compact sets in C n were obtained in [LP] . 

Corollary 1.4. Let K be a compact set in a locally irreducible complex 
space X such that -Kp s h(A") i s compact. Choose an open relatively compact 

set V (s X containing Kp s h(x)- Then a point x £ X belongs to Kp s h(x) if 
and only if for every open set U D K and every number e > there exist a 
disc f G A(D,V) and a set Ef C [0, 2ir] of Lebesgue measure \Ef\ < e such 
that 

/(0) = x and f(e H ) € U for all t € [0, 2n}\E f . 

Proof. Assume first that a point x G X satisfies the stated conditions; we 
shall prove that x G Kp sil (x)- Choose a function p G Psh(X). Set M = 
sup K p and M' = supy p. Pick a number e > and an open set U with 
K C U (s V such that sup^ p < M + e. Let the disc / G A(B, V, x) and the 
set Ef C [0, 2ir] satisfy the hypotheses of the corollary. Then 

P(x) < P p (f) = [ p(/(e w )) £-+ [ p(f(^)) ^<M'e + M + e. 

JEj 2TT J[0,27T]\E f 2TT 

Since this holds for every e > 0, we get p{x) < M. As p G Psh(X) was 
arbitrary, we conclude that x G -Kp s h(x)- 

Conversely, assume that x G ifp s hpn- The function u: V — >■ M which 
equals —1 on the open set U D K and equals on V\U is upper semicontin- 
uous. Let v = u be the associated plurisubharmonic function on V defined 
by (1). Then —1 < v < on V, and v(x) = — 1. Theorem 1.1 furnishes a 
disc / G A(D, V,x) with P u (f) < -1 + e/27r. Clearly this implies that the 
set Ef = {t G [0, 2tt] : /(e 1 *) ^ U} has measure at most e. □ 
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Remark 1.5. Let K be a compact subset of C n . It was shown by Duval 
and Sibony [DS1, DS2] that for any point p <G K and Jensen measure a 
representing p there exists a positive current T of bidimension (1, 1) such 
that dd c T = a — S p , where 5 P denotes the point evaluation at p; thus the hull 
K is the union of supports of such currents. Recently Wold [Wol] showed 
that for every point p and Jensen measure a as above one can find a Duval- 
Sibony type current T, satisfying dd c T = a — 5 P , as a weak limit of currents 
Tj = where G is the Green current on the unit disc B, given by 



and fj : B — > C n is a sequence of Poletsky discs. On the other hand, it 
has been known since the classical examples of Stolzenberg and Alexander 
that the polynomial hull of K can not be explained in general by analytic 
varieties with boundaries in K. (In this direction see the recent paper of 
Dujardin [Duj].) Hence Poletsky's characterization of the polynomial hull 
remains the most universal one that we have at the moment. For more about 
hulls we refer the interested reader to Stout's monographs [Stl, St2]. □ 

Remark 1.6. Another immediate implication of Theorem 1.1 is the fol- 
lowing result which was observed in the smooth case by J. -P. Rosay [Rol, 
Corollary 0.2]: If X is as in Theorem 1.1 and if every bounded plurisub- 
harmonic function on X is constant, then for every point pel, nonempty 
open set U C X and number e > there exists an analytic disc /: B — > X 
such that /(0) = p and the set {t € [0, 2ir): /(e 1 *) G U} has measure at 
least 2-7T — e. This follows by observing that the envelope u defined by (1) of 
the negative characteristic function u = ~xu of the set U is bounded from 
above by 0, and hence it is constantly equal to —1. 

We expect that the methods of our proof can be used to extend the main 
theorem of Rosay in [Ro3] as follows: A locally irreducible complex space X 
does not admit any nonconstant bounded plurisubharmonic function (such 
space is said to be Liouville) if and only if every closed loop in X can be 
approximated on a set of almost full linear measure in the circle by the 
boundary values of a holomorphic discs in X. We hope to return to these 
questions in a future publication. □ 



We recall from [DF, For] the relevant results concerning holomorphic 
sprays, adjusting them to the applications in this paper. 

Definition 2.1. Let £ > 2 and r € {0, . . . , £} be integers. Assume that X 
is a complex space, D is a relatively compact domain with boundary in 
C, and a is a finite set of points in D. A spray of maps of class A r {D) with 
the exceptional set a and with values in X is a map /: P x D — > X, where 
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P (the parameter set of the spray) is an open subset of a Euclidean space 
C m containing the origin, such that the following hold: 

(i) / is holomorphic on P x D and of class C r on P x D, 

(ii) the maps /(0, • ) and f(t, • ) agree on a for all t G P, and 
(hi) if z G D\a and t G P then /(t, z) € X rcg and 

a t /(t,z):T t C n ^T /(M) X 

is surjective (the domination property). 

We call /o = /(0, • ) the core (or central) map of the spray /. 

The following lemma is a special case of [DF, Lemma 4.2]. 

Lemma 2.2. (Existence of sprays) Assume that I, r, D, a and X are as in 
Definition 2.1. Given a map fo: D — > X of class A r (D) such that the set 
{z G D : fo(z) G Aging} is contained in a, there exists a spray f : P x D — > X 
o/ dass ,4 r (D), with the exceptional set a, such that /(0, ■) = fo- 

Definition 2.3. Let £ > 2 be an integer. A pair of open subsets Dq, D\ (= C 
is said to be a Cartan pair of class C e if 

(i) Do, Di, D = DoUD] and £>o,i = DoflDi are domains with 
smooth boundaries, and 

(ii) Dq\Di n Di\Dq = (the separation property). 

The following is the main result on gluing sprays in the particular situation 
that we are considering (see [DF, Proposition 4.3] or [For, Lemma 3.2]). This 
is in fact a solution of a nonlinear Cousin-I problem. 

Proposition 2.4. (Gluing sprays) Let (Dq,Di) be a Cartan pair of class 
C e (£ > 2) in C (Def. 2.3). Set D = D U D x , D ,i = A> n D x . Let X be a 
complex space. Given an integer r G {0, 1, . . . , £} and a spray f : Pq x Do — » 
X of class A v (Dq) with the exceptional set a such that aDDo^ = 0, there is 
an open set P <s Po C C m containing G C m and satisfying the following. 

For every spray f : Pq x D\ — > X of class A r {D\), with the exceptional 
set a' such that f is sufficiently C close to f on Po x Do,! and a'nDo^ = 0, 
there exists a spray F: P x D —> X of class A r (D), with the exceptional set 
a U a' , enjoying the following properties: 

(i) the restriction F: P x Do — > X is close to f : P x Do — > X in the 
C ' -topology (depending on the C '-distance of f and f on Po x Do^), 

(ii) the core map Fq = P(0, • ) is homotopic to fo = f(0, ■ ) on Dq, and 
Fq is homotopic to /q = /'(0, • ) on D\, 

(hi) Fq agrees with fo on a, and it agrees with /q on a' , and 
(iv) F(t, z) <E {/'(s, z): s G P } for each t G P and z G D 1 . 

Here is a brief outline of the proof. The hrst step is to find a domain 
pi (_ £7u guc j 1 o G P' (s Pq, and a transition map between the sprays / 
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and /', that is, a C r map 

7: P' x D 0) i ^C m x 5 0) i, 7 (M) = 

that is holomorphic in P' x D ,i and is C r close to the identity map (de- 
pending on the C r -distance between / and /' over P x D i), such that 

/ = /'o 7 onP'x%. 

This is an application of the implicit function theorem and of the fact that 
Cartan's Theorem B holds for holomorphic vector bundles on domains in C 
that are smooth of class C r up to the boundary. The key step is to split the 
map 7 in the form 

7 = j3 o a -1 

where a(t, z) = (a(t,z),z) and (3(t,z) = (b(t,z),z) are maps with similar 
properties over P x Z) and P x Al> respectively, for some slightly smaller 
parameter set G P <s P'. This splitting is accomplished by nonlinear 
operators whose linearization involves a solution operator for the <9-equation 
with C r estimates on D = Dq U D\ . The final step is to observe that over 
P x Z) ,i we have 

/ = /' o 7 = /' o /3 o a" 1 ^ / o a = /' o 

Hence the two sides amalgamate into a spray F over D, and it is easily 
verified that F satisfies Proposition 2.4. 

3. A RlEMANN-HlLBERT PROBLEM 

In this section we explain how to find an approximate solution of a 
Riemann-Hilbert problem with the control of the average of a given function 
on a boundary arc. Results of this kind have been used by several authors; 
see e.g. [Pol, Po2, BS, FG1, FG2]. 

Recall that T = oB = {£gC: |£| = 1}. Given a measurable subset JcT 
and a measurable function v : / — > R, fj v(e l1 ) dt will denote the integral over 
the set of points t G [0, 2tt] for which e 1 * G I. 

Lemma 3.1. Let f G A(B>,C n ), and let g: TxD->C n be a continuous map 
such that for each ( G T we have g(C,-) £ /(C))- Given numbers 

e > and < r < 1, an arc J C T, and a continuous function u: C™ — > R, 
i/iere are a number r' G [r, 1) and a disc h G -4(D, C n , /(0)) satisfying 

and afeo t/ie following properties: 

(i) /or any ( 6 T we /iai>e dist(/i(C), <?(Ci TO) < e > 

(ii) /or any ( 6 T and p G [/, 1] we have dist (h(pQ, </(£, D)) < e, 

(iii) /or any |C| < r' we Ziaue |/i(C) — /(C) I < e > ar1 ^ 
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(iv) if g((, • ) = /(C) is the constant disc for all £ G T \ J, where J C T 
is an arc containing I, then we can choose h such that \h — f\ < e 
holds outside any given neighborhood of J in B. 

Proof. Write 

g(t,z) = f(0 + \((,z), (eT,zeB, 

where A(£, z) is continuous on (£, z) G T x B, and for every fixed ( € T the 
function B 9 z i-» A(C, 2) is holomorphic on B and satisfies A(C, 0) = 0. We 
can approximate A uniformly on T x B by Laurent polynomials of the form 

N N 

s j=i ^ j=i 

with polynomial coefficients A/(C)- Hence we can choose a map A as above 
and a number r' € [r, 1) such that 

(3) \\{pe H ,z) - X(e u ,z)\ < |, t € M, r' < p < 1, |z| < 1 
and 

(4) l/Cpe 1 *) - /(e 1 *)! < |, t€R, r' < p < 1. 

Choose an integer k > m and a number c = e 1 ^ € T and set 

N -l 

^(C,c) = /(C) + A(C,cC fc ) = /(C) + cC fc - m ^^(C)(< fe ) J " , ICI<1- 



This is an analytic disc in C n satisfying hk(0,c) = /(0), so it belongs to 
A(B, C n , /(0)). For ( = e i! £ T we have 

(5) h h {<P,c) = f{#) +\(j\e i <f'e kit )^g(e it ,e^), 

and hence property (i) holds in view of (3). Similarly, if r' < p < 1 then 

hk{pe il ,c) -g(j\ C p k e ikt )\ < | A^e", cp k e ikt ) - \{e il , cp k e ikt ) 

+ |/(pe i *)-/(e i *)| 

(6) < e 

by (3) and (4), so (ii) holds as well. 

If k +oo then /ifc(C, ■ ) — > /(C) uniformly on the set {|C| < r'} x T, so we 
get condition (iii) if k is chosen big enough. Property (iv) is a consequence 
of (ii) and (iii). 

It remains to show that the inequality (2) can be achieved by a suitable 
choice of the number c = e 1 ^ G T. We clearly have 
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By the mean value theorem there exists </> G [0, 2ir) such that this equals 

By (5) this number differs by at most e from ^(/^(e 1 *, e 1 ^)) ^ if A; is 
chosen big enough. This completes the proof. □ 

4. Proof of Theorem 1.1 

Step 1. We reduce to the case when X is a normal complex space. 

Recall that a function on a complex space X is weakly holomorphic if it 
is holomorphic in the regular part A reg and is locally bounded near each 
singular point. A reduced complex space X is said to be normal if every 
weakly holomorphic function is in fact holomorphic; it is seminormal if every 
continuous weakly holomorphic function on X is holomorphic. A holomor- 
phic map 7r: X — > X of complex spaces is called a seminormalization (or 
a maximalization) of X if X is a seminormal complex space and ir is a 
homeomorphism. We will use the following facts (see [Rem]): 

• every reduced complex space admits a seminormalization, 

• every locally irreducible seminormal complex space is normal, and 

• seminormalization is a functor. In particular, the lift 7T" 1 o / of any 
holomorphic disc / : ID — > X is a holomorphic disc in X. 

This implies that if tt: X — > X is a seminormalization of X then the com- 
position u i — y u o tt induces an isomorphism from PSH(X) onto PSH(X). 

Assume now that Theorem 1.1 holds for normal complex spaces. Let X 
be a locally irreducible complex space and u: X — >■ R U {— oo} an upper 
semicontinuous function. Let tt: X — > X be a seminormalization of X. The 
function u = u o tt is upper semicontinuous on X. Since X is a normal 
complex space, the Poisson envelope v = u of u is plurisubharmonic on 
X. Each holomorphic disc / G «A(D, A) admits a holomorphic lifting / G 
,A(1D>, X) with 7T o / = /, and we clearly have -Ps(/) = P u (f)- This implies 
that u(7r _1 (x)) = and hence v is plurisubharmonic. 

Step 2. We reduce to the case when the function u: X — > R is continuous 
and bounded from below. 

Since ti:I->KU {— oo} is upper semicontinuous, there is a decreasing 
sequence of continuous functions u\ > U2 > ■ ■ ■ > u such that u = lim^oo 
pointwise in X. Replacing Uk by maxjufc, — k} we may assume in addition 
that Uk > —k on X; hence Uk > —k as well. Assuming that the result 
holds for each Uk , the Poisson envelopes u\ >v,2 > ■■■ form a decreasing 
sequence of plurisubharmonic functions, and hence v = lim^oo Uk is also 
plurisubharmonic or identically — oo. Since Uk < Uk, it follows that v < u. 
For any point x G X and disc / G A(H,X,x) we have v(x) < P v (f) < 
Pu{f) < Pu k {f) by monotonicity. Taking the infimum over all such / shows 
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that v(x) < u(x) < Uk(x). Letting k — > oo gives v(x) = u(x), so u is 
plurisubharmonic or — oo. 

Step 3. We show that the Poisson envelope v = u given by (1) is upper 
semicontinuous on the regular locus A reg . (We assume that A is a reduced 
complex space. The reductions in Steps 1 and 2 will not be used here.) 

Pick a point x € X TCg and a number e > 0. Assume first that v(x) > 
— oo. By the definition of v there exists a disc /o G A(B,X,x) such that 
v(x) < P u (fo) < v(x) + e. By shrinking D slightly we may assume that 
/o(T) C A reg ; hence the set a = {( <G D: /o(C) G A s i ng } is finite and a. 
We embed /o as the central map /o = /(0, • ) in a spray of holomorphic discs 
/: P x B — t- X with the exceptional set a, where P is an open set in C m 
containing the origin. (See Def. 2.1 and Lemma 2.2; in X = C n we can 
simply use the family of translates f y = /o + (y — x)). If P' is chosen small 
enough then P u (f(t, ■ )) < P u (fo) + e for each teP' and hence 

*>(/(*, 0)) < P„(/(t, • )) < P„(/o) + e < u(x) + 2e. 

By the domination property the set {f(t, 0) : t € P'} fills a neighborhood of 
the point x = /(0) in X, so we see that v is upper semicontinuous at x. A 
similar argument works at points where v{x) = — oo. 

Step 4. In this main step of the proof we assume that X is an irreducible 
normal complex space and that u: X — >■ R is a continuous function which is 
bounded from below (see Steps 1 and 2). We shall prove that the Poisson 
envelope v = u given by (1) is plurisubharmonic on A rcg . (Plurisubhar- 
monicity on A s ; ng will be proved in Step 5.) 

We need to show that for every point x € A rcg and for every analytic disc 
/ € A(B, X, x) we have the submeanvalue property 

(7) v(x)=v(f(0))< ^ ^/(e 1 '))^- 

Since plurisubharmonicity is a local property, it is enough to consider small 
discs; hence we may assume that /(B) C A rcg and that / is holomorphic in 
a larger disc roB for some r$ > 1. 

Pick a number e > 0. Fix a point e 1 * € T. By the definition of v there 
exists an analytic disc gt = g(e l1 , ■ ) € A(H, X, /(e 1 *)) such that 

(8) v(f(^))<J o n( 5 (e i *,e i9 ))^< W (/(e it )) + 6. 

Since the set {( £ B: 9t(C) £ A s j ng } is discrete, we can replace gt by the 
map C 9t(r() for some r < 1 very close to one so that the new map still 
satisfies (8) and <7t(T) C A reg . By Lemma 2.2 there is a domain P C C m 
containing the origin and a holomorphic spray of discs G: P x B — > X 
with the central map G(0, • ) = gt- (We use sprays of class «4°(D).) Since 
G(0, 0) = <7t(0) = /(e 1 *) G A" reg and the spray G is dominating, the set 
G(P, 0) = {G(w, 0) : u> G P} is a neighborhood of the point /(e 1 *) in A. By 
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the implicit mapping theorem there is a disc D C roB centered at the point 
e 1 ' G T and a holomorphic map if : D — > P such that 

V? (e i ')=0 and G(<p(C), 0) = /(C), C € D. 

Consider the map g: D x D — s> X defined by 

g((,z) = G(ip(0,z), (GD,zeD. 

Note that g is continuous, holomorphic in D x B, and 

5 (e it ,-) = G'(0,-)=^; 5(C,0) = /(C), CG^D- 

Since ■ ) is uniformly close to gt when ( is close to e 1 *, it follows from 
(8) that there is a small arc / <e T n D around the point e 1 * such that 



2vr 



By repeating this construction at other points of T we find finitely many 
pairs of arcs Ij <s <e T n Dj (j = 1, . . . , I), where Dj is a disc contained in 

roO, such that l'j n l' k = if j ^ k and the set E = T\ Ij has arbitrarily 
small measure \E\, and holomorphic families of discs gj((, z) for ( € Dj and 
z € B such that 

/•27T 

(9) 



For each j = 1, ... ,/ we choose a smoothly bounded simply connected 
domain Aj C Dj nB such that Aj C D, AjflT = ij, and A,- n A fc = when 
1 < j 7^ < Z. (The situation with Z = 3 is illustrated in Fig. 1. The reader 
should keep in mind that, unlike in the illustration, the gaps between the 
segments Ij have very small total length. The role of the sets Dq,D± C B 
with Dq U D\ = B is explained in the proof of Lemma 4.1 below.) 

Let x : C — > [0, 1] be a smooth function such that x = 1 on Uj- =1 /j C T 
and x = in a neighborhood of the set B \ U^ =1 (Aj U Ij). Consider the 
map £ : B x B -> X defined by 



(io) £(C,*) 



5j (C, x(C)*) , (GAj, zGDJ = l,..,I; 

/(C), x(0 = o, zen. 



The latter condition holds in particular if ( G T \ U^ 1 /j. Note that £ is 
continuous and is holomorphic in the second variable. Then 

^^ ll( «,.,,» )) ||<f „</,,.))! + 2 , 

Indeed, the integral over Uj =1 Ij is estimated by adding up the inequalities 
(9), while the integral over the complementary set E = T \ Uj =1 Ij gives at 
most e if the measure \E\ is small enough. (When estimating the integral 
over E it is important to observe that u > —M by the assumption, and u 
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Figure 1. The Cartan pair (D ,Di) 

is bounded from above on each compact set. Since — M < v = u < u, the 
same holds for v.) 

To conclude the proof we apply the following lemma to the data that we 
have just constructed. We state it in a more general form since we shall 
need it again in Step 5 below. 

Lemma 4.1. Let X be a reduced complex space and let u: X — >■ R be a 
continuous function on X. Assume that f 6 A(H,X) is a holomorphic disc 
such that /(T) C X rcg , and £:Tx D — > X is a continuous map such that 
£(Cj " ) G A(H>, X, /(C)) for every ( € T. Given e > there exists an analytic 
disc h € A(B, X, /(0)) such that 

(12) f <["[' 

Note that the estimate (12) is the same as (2) in Lemma 3.1 which per- 
tains to the case X = C™, but we do not get (and do not need) the other 
approximation statements in that lemma. 

Combining the inequalities (11) and (12) we obtain 

r 2w c\t r 27r c\t 

Since this holds for every e > 0, the property (7) follows. This proves that 
v is plurisubharmonic on X TCg provided that Lemma 4.1 holds. 

Proof of Lemma 4-1- In the case when X is a complex manifold, the first 
proof of Rosay [Rol] uses a rather delicate construction of Stein neighbor- 
hoods; this approach was developed further by Larusson and Sigurdsson 
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[LS2]. Later Rosay [Ro2] gave another proof using an initial approximation 
by non-holomorphic discs with small ^-derivatives, approximating these by 
holomorphic discs, and finally patching the partial solutions together by solv- 
ing a nonlinear Cousin-I problem. None of these methods seems to extend 
to complex spaces with singularities without major technical difficulties. On 
the other hand, the method that we use here works in essentially the same 
way as in the nonsingular case. 

Since the function u is bounded on compacts, it is a trivial matter to 
reduce the proof to the special situation considered above so that the double 
integral in (11) changes by less than e; in the sequel we consider this case. 
Let Aj be the discs chosen in the paragraph following (9) (see Fig. 1). Fix an 
index j G {1, . . . , / }. We shall apply Lemma 3.1 over Aj to find an analytic 
disc fj : Aj —> X that approximates / uniformly as close as desired outside 
of a small neighborhood of the arc Ij in Aj and satisfies the estimate 

Recall from (10) that £((,z) = 9j{C,x(0 z ) for C G Aj and z G B. Consider 
the function 

u'j((,z) = u(gj((,z)), C^Aj, zGB 
and the smooth family of analytic discs in C 2 ^ ^ given by 

g' J ((,z) = {(,x(C)z), (ebAj, zgB. 

Then 

(14) £ = gj o g- and u'j = u o gj on bAj x B. 

Applying Lemma 3.1 with B replaced by Aj, u replaced by u'j and g replaced 
by g'j furnishes an analytic disc h'j G «4.(Aj, C 2 ) which approximates the disc 
C (C> 0) outside of a small neighborhood of the arc Ij and such that 

(15) l^^^'j^,^^^ 

Since gj : Aj x B — >• X is holomorphic in the interior Aj xD, the map 

(16) ./j: //; /'' : A / > .V 

is an analytic disc in X such that /j(C) ~ 9j(City = f(C) f° r C outside a 
small neighborhood of Ij in Aj. From (14) and (16) it follows that 



U o /j = u o gj o h'j = U j o h j , U o £ = u o gj o = u'j o g' 



hold on 6Aj x B. Hence the integrals in (13) equal the corresponding inte- 
grals in (15), and so the disc /j satisfies the desired properties. 

If the approximation of / by /j is close enough for each j = 1, . . . , I, we 
can use Proposition 2.4 to glue this collection of discs into a single analytic 
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disc h: U) —> X which approximates / away from the union of arcs Uj =1 Ij, 
and which approximates the disc /■ over a neighborhood of Ij for each j. 
In particular we can insure that for each j = 1, . . . , I we have 

By adding up these terms and estimating the difference over the remaining 
set E = T\ Uj Ij with small length \E\ we obtain (12). 

Let us explain the gluing. We apply Proposition 2.2 to embed / as the 
central map /o in a dominating spray of discs f p £ A(0, X) depending 
holomorphically on a parameter p in an open ball P in some C^. Next 
we apply the above approximation procedure simultaneously to all discs 
fp in the spray, with a holomorphic dependence on the parameter. (The 
obvious details need not be repeated.) This gives for every j a holomorphic 
spray of discs f' ■ G A(Aj, X) (p £ P) approximating the spray f p over the 
complement of a small neigborhood of Ij in Aj. If the approximations are 
close enough, we can glue these sprays into a spray of discs F p £ A(B>, X) by 
using Proposition 2.4. (Here we allow the parameter set P to shrink.) For 
gluing we use a Cartan pair (Dq, D\) with Do U D\ = D obtained as follows 
(see Fig. 1). We get Dq by denting the boundary circle T = MB slightly 
inward along each of the arcs Ij C T. The set D\ equals u' =1 Aj. Then the 
two sprays are close to each other over DqC\Di, so Proposition 2.4 applies. 

The core disc h = Fq obtained in this way is close to the initial disc / 
over the complement of a small neighborhood of Djlj in D, while over a 
neighborhood of Ij it is close to /j. If the approximations are close enough 
then h also satisfies the estimate (12) in Lemma 4.1. □ 

Step 5. We now prove that v is plurisubharmonic on all of X. Let 
w: X^lU {— oo} be the upper regularization of v\X reg : 

\ hmsup q€Xicg:q _, p v(q), p € X sing . 

It is easy to see that w < u. Since X is normal, w is plurisubharmonic on 
X according to a result of Grauert and Remmert [GR1, Satz 4]. 

To complete the proof of the theorem we show that v = w on X s i ng . 
Fix a point p € X^ing and a disc / £ A(B, X,p). The fact that w is 
plurisubharmonic implies that w(p) < P w (f). Since w < u, we also have 
P w (f) < Pu(f). Therefore w(p) < P u (f) for every / G A(0,X,p) which 
implies that w(p) < v(p). 

Suppose now that w(p) < v(p); we shall reach a contradiction. Choose 
e > so that w{p) + 3e < v(p). Since w is upper semicontinuous, there is a 
neighborhood U of p such that 



(17) 



w(q) < w{p) + e for each q G U. 
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We can choose an analytic disc / € A(B>, U,p) such that f(T) C U n X reg . 
Since «j = doii X reg , we have using (17) 

(18) P v (f) = Pw(f) < sup{t« o /(C) : C G T} < w(p) + e. 

For each point e 1 * G T we choose a disc #t = ^(e 1 *, • ) € ^4(D, X, / (e 1 *)) such 
that P u (gt) < ^(/(e 1 *)) + e. As in Step 3 we can deform gt to a continuous 
family g : T x D — > X of analytic discs such that 



(19) 



/*27T Ij. p'2tt pill 



dt de 

2vr 2vr 



< e. 



Lemma 4.1 furnishes an analytic disc h £ «4(1D), such that 

r*27T 



^0 



By (19) and (18) we get 

f 27r dt 
Pu(h) < ^ ^(/(e 1 *)) — + 2e < «;(p) + 3e < t;(p) 

which contradicts the definition of v. This concludes the proof. 

Acknowledgement. The authors would like to thank the referee for his 
remarks. 
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